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Abstract

In this paper we discuss the notion of difference operator A, (m=>0an integer) for studying
properties of some sequence space. Here we discuss the sequence spaces
ch(A,) ¢ (A,) 5 (A,)and study the completeness property of this sequence space.
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The Concept of fuzzy set was introduced by Zadeh [19]. Bounded and convergent sequence of
fuzzy numbers were studied by Matloka [20], where it is shown that every convergent sequence
is bounded. Later on different classes of sequences of fuzzy numbers have been studied by Esi
[1], Tripathy and Nanda [2], Savas [17], Fang and Hang [23], Choudhury and Tripathy [4] and
many Others.

Let D denote the set of all closed and bounded intervals X = [a;, a,] on real line R. For
X, Y eD, we define

d(X,Y)=max(|a, —hby.]a, —b,|) where X =[ay, a], Y= [by, bs]

It is known that (D, d) is a complete metric space.

A fuzzy real number X is fuzzy set on R and is a mapping X :R— I(=[0,1]) associating
each real number t with its grade membership X(t).

A sequence space E is said to be normal (or solid) if (Y,) € E , whenever |Y,|<|X,| for all
keN and (X,)eE.
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For a sequence x = (xx), S(x) denote the set of all permutation of the elements of (xi) that is
S(x) = {(xﬁ(k) )} , where 7 denote permutation over N.

A sequence spaces E is said to be symmetric if S(x)c E, forall xeE.

Let K={k <k,<k;....}=N and E be a sequence space. A K-step space of E is a

sequence space AS ={(an)ew:(xn)e E}

A canonical pre-image of a step space A: is a set of canonical pre-images of all elements in
Ay i.e.,Y is a canonical pre-image A if and only if Y is a canonical pre-image of some X e A;

A sequence space E is said to be monotone if it contains the canonical pre-images of all its
step spaces.

From the above definition we have the following remark.

Remark 1. A sequence space E is solid = E is monotone. It may refer to Kamthan and Gupta.

A sequence space E is said to be a sequence algebra if (xk Y, ) € E, whenever (xk),(yk ) eE.

A sequence space E is said to be convergence free if (yk)e E whenever (xk)e Eand x, =0

implies y, =0.

Fuzzy real numbers are considered as generalization of interval and multi-level interval
numbers and so the knowledge of interval arithmetic is a basic requirement to introduce the
fuzzy arithmetic. The following arithmetic operations will serve as basic knowledge for better
understanding of the different operations of fuzzy number.

Consider the closed intervals A =[a;, a2] and B =[bs, by]

The « - level set of a fuzzy real number X, for O<a <1 denoted X“ is defined as
X“ :{teR: X(t)Za}; for «, it is the closure of the strong O-cut (i.e. closure of the set

{t eR:X(t)> 0}) . Throughout the article a means « € (0,1] unless otherwise stated.

For the arithmetic operations on the closed intervals A =[a;, a;] and B = [by, by]. The
arithmetic operations on the closed intervals as follows
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(1 A+B=[a; +b;, axt+ by]

(i) A-B=[ai-by bi-a]

(III) A xB = [Cl, Cz]
where C1= min {albl, albz, azbl, azbz}
and Co = max {albl, albz, azbl, azbz}

(iv) 1+A=[a,,a"], provided O¢ A.

Let D denote the set of all closed and bounded intervals on R. The order relation between two
intervals A and B as follows;

A<B, if a, <b and a, <b,

A fuzzy real number X is called convex if X (t) > X(s) A X(r) = min (X(s), X(r)) where
s<t<r.

If there exists t, e R such that X (t,) =1 then the fuzzy real number X is called normal.

A fuzzy real number X is said to be upper-semi continuous if, for each &£>0,
X*([0,a+¢]), forall acl isopen in the usual topology of R, where | =[0,1]

The set of all upper semi continuous, normal, convex fuzzy real numbers is denoted by R().
Throughout the article, by a fuzzy real number we mean that the number belongs to R(I).

The set R of all real numbers can be embedded in R(I). For reR, reR(l) is defined by

— 1 for t=r
r(t)=
0, for t=r

For reR and X eR(l), the product rX is defined

{X (r't), for r=0
rx(t) =
0, for r=0

The absolute value |, |X| of X eR(l) is defined by (use for instance Kaleva and Seikkala

[25])

X|(t) = max(X (t), X (-t)), for t>0
| | _{0’ for t<0
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A fuzzy real number is non negative if X(t) =0, for all t <0. The set of all non-negative fuzzy
real number is denoted by R'(1).

Let d : R(1)xR(l) — R be defined by

d(X,Y)=supd(X%Y%)

0<a<l
It is well known that (R(1),d) is a complete metric space. Then d defines a metric on R(I).

The arithmetic operations for « - level sets are defined as follows

Let X,Y eR(l) and the o - level sets be [X]* =|a7,bf |, [Y]" =[a,b5 |. Then
[X @Y]az[ai"+a§’,bl“+b§],
[X-Y]"=[a7 -b; b7 ) |,

[X®Y] =[ min a“b?, max af‘bj“}

ijel12] ) Tije12]
These operations can be defined other ways as follows

(X ®Y)(t)=sup{X(s)AY(t—s)}, teR

seR

(X =Y)(®)=sup{X(s)AY(s—1)}, teR

seR

(X®Y)(t)= sup {X(s)AY(t/s)}, teR

seR,s=0

(X+Y)(t)= sup {X(ts)AY(5)}, teR

seR,s#0

A fuzzy real valued sequence space is denoted by (Xx) where X, e R(l), forall ke N .

Throughout a sequence space , we mean a class of sequences of fuzzy real number is
associated with a metric, which is a metric space.

A fuzzy real-valued sequences (Xy) is said to be level convergent to the fuzzy real number
X, if for each « €(0,1]
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lima =a“
k—o0

and limby =b”
k—o0

where [X,] =[a§,bﬂ and [X] =[a“,b“]
If the convergence is uniform in « , then we say that (Xx) converges uniformly to X.

A sequence (X) of fuzzy real number is said to be convergent (unifromly) to the fuzzy real
number Xo if, for £>0, there exist n, € N such that

d(X,,X,)<e, forallk>n,

A fuzzy real number (Xy) is said to bounded if there exist a e R™(1), the set of all non-
negative fuzzy real numbers, such that |X,|< s, forallk e N

DEFINITIONS AND PRELIMINARIES

After introduction of R(l), different classes of fuzzy real valued sequences were introduced and
studied by Tripathy [2] and others. Through the article w*, cF, cf, ¢7 denote the classes of all
convergent, null and bounded sequences space of fuzzy real numbers.

A fuzzy real number X is non negative if X(t) = 0 if for all t <0, we will denote the set of all
non negative fuzzy number by G.

DEFINITIONS. Let X beany nonemptyset, d: XxX —G and let the mapping
L,R:[0,1]x[0,1] —[0,1] be symmetric, non-decreasing in both arguments satisfy L(0, 0) =0
and R(1, 1) =1

Then
[dxy) ], =[ A ¥), p.(x V)]

Forall X,y e X and O<a <1 and the quadruple (X, d, L, R) is called fuzzy metric space, if
the following conditions are satisfied
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(1) d(x,y) =0 ifand only if x=y
(2) d(x,y)=d(y,x) forall x,y e X

(3) For all x,y,zeX

(i) d(x, y)(s+t) =L (d(x,2)(s),d(z, y)(1))
when s<2,(x,2), t<(z,y) and s+t<A(x,y)

iy 0¥+ <R(d(x,2)(s),d(z y)(D))
when s> 4(x,2), t2A4(z,y) ands+t=4(xy)

The last condition is the triangle inequality. It is known that the triangle inequality (3)(ii)
with R=max is equivalent to the triangle inequality

P (X Y)<p, (%, 2)+p,(2,Y)
for ¢e(0,1] and x,y,ze X
Again the triangle inequality 3(i) with L = min is equivalent to the triangle inequality
2, (% Y) <2, (X, 2) + 4, (2, Y)

for a<(0,1] and x,y,ze X

Throughout the chapter we shall consider the fuzzy metric space (X, d, min, max) unless
otherwise stated.

It is known that in a fuzzy metric space (X, d, min, max) the triangle inequality (iii) is
equivalent to

d(x,y)<d(x,z)+d(z,y)
Let (X, d, L, R) be a fuzzy metric space. A sequence {Xn} is said to converge to X denoted by
limX, =X

If and only if
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limd(X_,X)=0
i.e limp, (X,,X)=0, for € (0,]]

Asequence {X,} is said to be Cauchy sequence if

n

lim d(X,,X,)=0.

m,n—w

ie lim p (X,,X)=0, for (0,1]

m,n—o0
In the fuzzy metric space (X, d, L, R) every convergent sequence is also a Cauchy sequence.

A fuzzy metric space (X, d, L, R) with Iirp R(a,a) =0 is said to be complete if every Cauchy

sequence in X converges.

Kizmaz [18] defined the difference sequence space for the crisp set. This concept was further
generalized by Tripathy and Esi [6] as follows.

Let m>0, be an integer then Z,(A,) ={(x) eW:(A, %) e Z,}for Z, =¢_,c and c,. where
A X =X —X., forall ke N.Form=1,the spaces ¢_(A),c(A),c,(A) are studied by Kizmaz
[18].

The idea of Kizmaz [18 ] was applied by Savas [17 ] for introducing the notion of difference
sequences for fuzzy real numbers and study their different properties.

We study the following difference sequence of fuzzy real numbers of Tripathy & Esi [6] as
follows :

Let m>0, be an integer then,
Z(An) ={(x) eW :(Ax)€Z,}, Z,=¢%, c" andc]

Main Result

Theorem : Let d be a fuzzy metric space, then the classes of sequences
ch(A,) cf(A,) and ¢ (A,) are the complete metric spaces by the metric



Airo International Research Journal July, 2015
Volume V, ISSN: 2320-3714
Impact Factor 0.75 to 3.19

POXY) =Y d(X, V) +supd (A, X, ALY,)
k=1 k

Solution : Let (X') be any Cauchy sequence in (% (A,), Where
X' =(Xe ) =(X1, X5, X5, Xi, Xey o )t (A,), foreachieN.

p(Xi,Xj)=Zd(X;,ij)+5lipd(AmXL,Akaj)—>(_),as i, j—o0

k=1

Hence > d(X{,X/))—>0,as i, j—>oo
k=1

=d(X/,X}))>0as i,j>ow,fork=1,2,3, ....... m
=[4,(%0 X0, 2, (X0, X)) | 504, @5 i, j >0, fork=1,2,3, ....... m
= | min{|X}5 = xpr] X0 - x g} max (| xis - e[| xis - x5 > 0.0
as i,j—oo,fork=1,23, ....... m
Now,
max{‘xli’ff—xkjf : X&'Z—XQ;Z‘}—)O, as i,j—oo,fork=1,2,3, ....... m
=|Xit = XJ)7| >0 and X} - X/}5| >0 as i, jooo, fork=1,2,3, ....... m

a

=(X/) and (X/5) are Cauchy sequence inRforall o with 0<a<1 and
for k=1,2,3, ....... m

a

=(X/) and (X/5) are convergent sequence inRforall & with 0<a<1

and for k=1,2,3, ....... m. Since R is complete.
Let limX/)=X,,sayfork=1,2,3, ....... m.
J—>x©
Again
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d(A, X}, A,X})—>0, as i, j—>o0 and forall keN.
=[ 4, (A Xt A X)), 2, (A X, A X () | >0, a5 i, j—>c0 and for all keN.

= [min {‘Amxif —AX AR XS = AL Xy

}' max {‘Am xklf _Am xkj,ia

‘Am X II<62K - Am X kjg

/]

as i,j—o andforall keN.

Now

max {‘Amxll? _Amxkj,ia AmXII(Z _Amxkj,g

}—)O, as i,j o andforall keN.

=|A X5 = A X | > 0and [A, X5 A X/)5| >0, as i, j—>oo and forall keN
= (A,X/7) and (A, X/) are Cauchy sequence in R, for all o with 0<a <1 and

forall keN

= (A,X/7) and (A, X/5) are convergent sequence in R, forall @ with 0<a <1
and forall keN

Since R is complete

Let limA_X/) =X,, existsfork=1,2,3, ....... m
]

So we have limA_X/ = X,, exist for each k e N

joo
(By Principle of mathematical induction)

Thus

10
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lim> d(X,, X}))=> d(X;,X,)>0asi—>ow
1=l k=1

and

lim> d(A, X, AL X =d (A, X, A X, ) >0as | >
L)
This gives

supd(A, X, A, X,) =0, asi—>oo.
k
Hence for &> 0, there exist a positive integer no such that

d(X;,X,)<e and d(A, X, A, X,)<e forall keN and forall i,j>n,.

Thus we have

Do d(Xy, X, )+supd(A, X, A X, ) <2¢ forall keN and forall i, j>n,.
k=1 k

= p(X',X)<2¢, forall ke N and forall i, j>n,
Now for some fixed i>n,
We have
Sl:pp(Xk,a) <2¢+M ,where M = Sl:pp(X,i,(_))
Hence X =(X,)e/"(A,) is complete. Similarly we can show that cF(A_ ) and c(A,) are
also complete.

Conclusions : Following the notion of difference operator A_,, introduced by Tripathy and Esi

[6], the difference sequences c"(A,), ¢ (A,), ¢-.(A,) of fuzzy numbers have been studied. It is
shown that these classes of sequences are complete with fuzzy metric spaces.
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